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ABSTRACT
Online Convex Optimization (OCO) is a popular framework to

model online sequential decision making by a learner, making it

an invaluable tool for machine learning and data science. In the

traditional framework, a learner chooses a decision from a decision

set in each round and suffers a loss. That loss is solely based on the

decision made in the current round, and is chosen in an adversarial

fashion. Afterwards, the learner learns the cost associated with each

decision they could have made in that round for future reference.

However, in many applications of OCO, the learner’s loss may also

be contingent on past decisions, and they may not get the luxury of

learning what other decisions would have costed them in hindsight.

In this paper, we consider a previously established generaliza-

tion for OCO that captures long-term dependence on past decisions

and expand upon it by also limiting the feedback received by the

learner from full to bandit. Under this framework, we present and

analyze a general method for taking any Bandit Convex Optimiza-

tion (BCO) with Memory algorithm and converting it into a BCO

with Unbounded Memory algorithm with asymptotically negligible

overhead. Next, we present an algorithm for the BCO with Mem-

ory problem, which may be of independent interest. We prove an

𝑂 (𝑇 2/3) regret bound for this algorithm, which is, to the best of our

knowledge, the lowest presented regret bound for general convex

functions. Together, our results imply the existence of agents that

can make decisions optimally, even in difficult and complex systems

that traditional OCO may not realistically model.
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• Computing methodologies→Machine learning; • Theory
of computation → Online algorithms; • Mathematics of com-
puting → Convex optimization.
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1 INTRODUCTION
There exist many scenarioswithin data science that can be described

as a learner makingmultiple sequential decisions within an environ-

ment. Such examples include predictions from expert advice [16],

recommendation systems [5, 13], and routing [4]. Furthermore, re-

inforcement learning as a whole hinges upon this principle. Online

Convex Optimization (OCO) [12] has become a popular framework

for modelling these sequential decision-making problems. At a high

level, the OCO framework can be described by the following game,

played over𝑇 rounds: in each round, an adversary chooses a convex

loss function 𝑓𝑡 over a convex set, and a learner chooses a deci-

sion in the function’s domain, without prior knowledge of 𝑓𝑡 . The

learner then suffers a loss, which is the value of 𝑓𝑡 evaluated at their

decision. Subsequently, the learner is given knowledge of 𝑓𝑡 , which

can be used to aid future decisions. The traditional benchmark to

evaluate an algorithm’s performance is the notion of regret, i.e. the

difference between the total cost incurred by the algorithm and the

cost that would be incurred from playing the best fixed decision

in every round. Regret is typically measured with respect to the

number of rounds the above game is played - e.g. an algorithm with

regret𝑂 (
√
𝑇 ) would achieve a regret on the order of 100 after 10000

rounds of play. In general, we strive to design algorithms with a

sublinear regret bound, as this implies that our algorithm makes

choices that attain less regret as the game goes on. In previous

iterations of KDD, OCO has been used to model portfolio selection

[7], detect anomalies [18], and learn with fairness [21].

This paper explores two enhancements to the traditional OCO

framework that allow it to capture applications lying beyond the

original scope of the model. First, in many applications of OCO, the

cost of a learner in a given round depends on both their current

and past decisions. In the case of online linear control [1], even

the learner’s first decision could affect every subsequent decision.

The loss functions in conventional OCO only depend on the lat-

est decision, making it difficult, if not impossible, to capture long

term dependence. Second, the learner may receive bandit feedback,

namely, when they only learn the loss value that they received after

each round, rather than the full loss function.

Recommendation systems are a good example of an application

that encounters both issues. A host such as Netflix or Spotify, af-

ter choosing a piece of media to recommend to a user, will not

know what would happen if they instead chose another piece to

recommend at that time. Furthermore, former recommendations

may have an impact on the user’s current response (e.g. recom-

mending the same song over and over may incline a user to click

on it). Therefore, it is important to study these two generalizations

of OCO separately, as well as to understand how they interact with

one another, in order to properly model how learners can learn

efficiently even in this complex, difficult, yet often more realistic
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setting. Despite there being work in this effort for a constant mem-

ory length with bandit feedback [9, 10], they are unable to consider

the entire history of decisions, which is important in many novel

applications of OCO.

In this paper, we derive regret bounds for the Online Convex

Optimization with Unbounded Memory framework introduced by

Kumar et al. [14] but with bandit feedback, rather than full feedback.

We show that reductions from the unbounded memory case to the

constant memory case incur no additional regret asymptotically.

This suggests that arbitrarily increasing the memory length to

capture the entire history of decisions will not experience any

additional loss. Additionally, we utilize a technique inspired by [3]

to modify any 𝑂 (
√
𝑇 ) regret memoryless (i.e. memory length of

1) BCO algorithm (e.g. [6, 20]) to an 𝑂 (𝑇 2/3) regret BCO-M (BCO

with finite memory) algorithm, which might be of independent

interest. This is, to the best of our knowledge, the first proven result

to achieve an𝑂 (𝑇 2/3) upper regret bound for BCO-M with general

convex functions. Together, these results show an 𝑂 (𝑇 2/3) upper
regret bound for BCO with Unbounded Memory (BCO-UM). This

discovery lets us create agents that can quickly learn and make

optimal decisions in settings that are more realistic than what OCO

and its existing generalizations could model previously.

1.1 Related work
Our paper mostly builds off of the work established by Kumar et al.

They develop a generalization of the traditional OCO framework

that allows the learner’s loss to depend on the entire history of

decisions. However, they leave open the case where the learner

observes bandit feedback as future work. Other papers on the topic

of OCO with memory [2] and its generalizations [17, 22], including

BCO-M [10], do not go beyond a constant memory length. Our

work aims to bridge the gap between these two frameworks by

finding an algorithm that attains sublinear regret with both bandit

feedback and with an unbounded memory length.

Recently, Suggala et al. [20] details an algorithm that achieves

𝑂 (𝑇 2/3) regret for BCO-M. However, they make additional qua-

dratic and smoothness assumptions on the loss functions, whereas

our algorithm can apply to general convex functions. This algo-

rithm is heavily inspired by [3], which also details a reduction to

memoryless algorithms.

2 PRELIMINARIES
Due to space constraints, we refer the reader to [12], [19], and

[15] for a comprehensive introduction to OCO and bandits. In this

paper, we consider an instance of the OCO with Unbounded Mem-

ory framework developed by Kumar et al., except we modify the

feedback from full to bandit. An instance is specified by the tuple

(X,H , 𝐴, 𝐵), whereX is our decision space (i.e. the set of all possible

decisions our learner can choose from),H is our history set, and

𝐴 : H → H and 𝐵 : X → H are linear operators that update the

history to incorporate our most recent decision using an update

equation that we present in the following paragraph. Note that X
andH are subsets of vector spaces, and that their dimensions need

not be finite.

In each round 𝑡 ∈ [𝑇 ], the adversary picks a convex function

𝑓𝑡 : H → R. The learner then chooses 𝑥𝑡 ∈ X, the history is

updated via ℎ𝑡 = 𝐴ℎ𝑡−1 + 𝐵𝑥𝑡 , and the learner suffers loss 𝑓𝑡 (ℎ𝑡 ).
This value is the only information that is revealed to the learner

in each round. The learner’s objective is to minimize the expected

loss that they incur.

We also adopt the following notation from [14]:

Definition 2.1. Given 𝑓𝑡 : H → R, the function
˜𝑓𝑡 : X → R is

defined by
˜𝑓𝑡 (𝑥) := 𝑓𝑡 (

∑𝑡−1
𝑖=0 𝐴𝑖𝐵𝑥) .

Note that an algorithm that only plays 𝑥 in every round will

result in a history vector ℎ𝑡 =
∑𝑡−1
𝑖=0 𝐴𝑖𝐵𝑥 . The previous definition

captures the loss such an algorithm will suffer at round 𝑡 . We now

formally introduce the definition of regret, which is the metric used

to measure an algorithm’s performance:

Definition 2.2. The regret of an algorithm A is defined to be

RegretA =

𝑇∑︁
𝑡=0

𝑓𝑡 (ℎ𝑡 ) − min

𝑥∈X

𝑇∑︁
𝑡=0

˜𝑓𝑡 (𝑥) .

In layman’s terms, the regret of the learner is the difference

between an algorithm’s total accumulated loss and the minimum

accrued cost over all algorithms whose strategy is to play the same

decision in every round.

We also make the following assumptions about the model, the

loss functions, and the environment:

1. The learner has prior knowledge of the operators 𝐴 and 𝐵

during the course of the algorithm.

2. The operator 𝐴 takes the form 𝐴(𝑦0, 𝑦1, 𝑦2, ...) =
(0, 𝐴0𝑦0, 𝐴1𝑦1, ...), where 𝐴𝑖 : X → X are linear operators

and have operator norm strictly less than 1.

3. 𝐵 satisfies 𝐵(𝑥) = (𝑥, 0, 0, ...).
4. The functions 𝑓𝑡 are convex.

5. The functions 𝑓𝑡 are 𝐿-Lipschitz continuous.

6. The diameter of the convex decision space is at most 𝐷 , i.e.

∀𝑥, 𝑥 ′ ∈ X, | |𝑥 − 𝑥 ′ | | ≤ 𝐷 .

Assumptions 1, 4, 5, and 6 are common in the previous literature

on OCO. Furthermore, Assumptions 2 and 3 capture the notion that

in many motivating examples, the history at the end of a round is a

sequence of linear transformations of past decisions. Furthermore,

the additional assumption that the 𝐴𝑖 ’s have operator norm strictly

less than 1 captures the idea that recent decisions tend to have a

higher impact on the current loss compared to earlier decisions.

3 ALGORITHM AND REGRET ANALYSIS
We begin by considering the special case where our system follows

the dynamics of BCO with 𝜌-discounted Infinite Memory.

Definition 3.1. (BCO with 𝜌-discounted Infinite Memory)

A problem is said to follow the dynamics of BCOwith 𝜌-discounted

Infinite Memory if 𝐴 and 𝐵 are defined to be the following:

𝐴(𝑥𝑡 , 𝑥𝑡−1, 𝑥𝑡−2, ...) = (0, 𝜌𝑥𝑡 , 𝜌𝑥𝑡−1, ...)
𝐵(𝑥) = (𝑥, 0, 0, ...),

where 𝜌 ∈ (0, 1) is a discounting factor that exponentially reduces

the effect of past decisions.
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Under this definition, an algorithm that picks decisions𝑥0, 𝑥1, ..., 𝑥𝑡
during the first 𝑡 rounds will have a resulting history of (𝑥𝑡 , 𝜌𝑥𝑡−1,
𝜌2𝑥𝑡−2, ...𝜌𝑡𝑥0). Observe that these definitions satisfy Assumptions

2 and 3. Later in this section, we show how our results generalize

for any linear operator 𝐴 and 𝐵 that satisfy these assumptions.

We now present our strategy for picking the decisions 𝑥0:𝑡 that

attains sublinear regret for the BCO-UM problem, where 𝑥0:𝑡 is

shorthand for (𝑥𝑡 , 𝑥𝑡−1, ..., 𝑥1, 𝑥0). We achieve this by performing a

reduction to any algorithm that achieves sublinear regret for the

BCO-M problem. To illustrate our reduction, we use the algorithm

detailed in Section 3 of Gradu et al. [10], which attains a regret

bound of 𝑂 (𝑇 3/4). However, we note that any algorithm can be

used in its place, which we justify later in the paper. In each round,

the learner uses a BCO-M algorithm B to pick a decision 𝑥 ∈ X,

receives a cost value 𝑓𝑡 (ℎ𝑡 ), and returns this value back to B for

use in subsequent rounds. This process is made explicit through

the following algorithm:

Algorithm 1 BCO with Unbounded Memory

1: Input: X = R𝑑
, 𝑇 𝐻 , 𝛿 , {𝜂𝑡 }

2: Initialize 𝑥1 = ... = 𝑥𝐻 ∈ X arbitrarily.

3: Sample 𝑢1, ..., 𝑢𝐻 uniformly from the unit sphere of dimension

𝑑 .

4: Set 𝑦𝑖 = 𝑥𝑖 + 𝛿𝑢𝑖 ∀𝑖 ∈ [𝐻 ].
5: Set 𝑔𝑖 = 0 ∀𝑖 ∈ [𝐻 ].
6: Play 𝑦𝑖 ∀𝑖 ∈ [𝐻 − 1].
7: for 𝑡 = 𝐻, ...,𝑇 do
8: Play 𝑦𝑡 and incur cost 𝑓𝑡 (ℎ𝑡 )
9: Set 𝑔𝑡 =

𝑑
𝛿
𝑓𝑡 (ℎ𝑡 )

∑𝐻−1
𝑖=0 𝑢𝑡−𝑖

10: Set 𝑥𝑡+1 = ΠX [𝑥𝑡 − 𝜂𝑡𝑔𝑡−(𝐻−1) ]
11: Sample 𝑢𝑡+1 uniformly from the unit sphere of dimension

𝑑 .

12: Set 𝑦𝑡+1 = 𝑥𝑡+1 + 𝛿𝑢𝑡+1.
13: end for

In the pseudocode, lines 1-5 emulate how Gradu’s algorithm pick

the first 𝐻 iterates, where 𝐻 is a hyper parameter that controls the

length of the memory for the BCO-M algorithm reduction. Line 8 is

where we play the decision that Gradu’s algorithm would make for

all future iterates. Finally, lines 8-11 emulate howGradu’s algorithm

determines the next iterate, given the cost value of the current round.

In the algorithm, 𝛿 and {𝜂𝑡 } are hyper parameters on the order of

𝑇 −1/4
and 𝑡−3/4 respectively which dictate the algorithm’s learning

rate, and ΠX [𝑥] is simply the projection of 𝑥 back onto X in case

the gradient descent step causes 𝑥 to fall out of the set.

3.1 Regret Analysis
We now derive a regret upper bound for a learner that adheres to

the algorithm above. As we are performing a reduction to BCO-

M, we wish to consider functions that only depend on a constant

number of past decisions to aid our analysis. This motivates the

following definition:

Definition 3.2. Let 𝑥0:𝑡 be our sequence of decisions. This makes

our history at time 𝑡 be ℎ𝑡 = (𝑥𝑡 , 𝜌𝑥𝑡−1, ..., 𝜌𝑡𝑥0). Now, define
𝐹𝑡,𝐻 (ℎ𝑡 ) = 𝑓𝑡 (𝑥𝑡 , 𝜌𝑥𝑡−1, ..., 𝜌𝐻−1𝑥𝑡−(𝐻−1) , 0, ..., 0),

where 𝑓𝑡 is the cost function at time 𝑡 .

In other words, 𝐹𝑡,𝐻 is a partial evaluation of 𝑓𝑡 on the first 𝐻

elements of its history. This artificially creates a function with a con-

stant number of arguments by “zero-ing out" every argument that

precedes the most recent 𝐻 decisions. We define 𝐹𝑡,𝐻 (𝑥) similarly.

We are now ready to prove our main theorem:

Theorem 3.3. Consider the bandit convex optimization with un-
bounded memory problem. Algorithm 1 satisfies

RegretA =

𝑇∑︁
𝑡=0

𝑓𝑡 (ℎ𝑡 ) − min

𝑥∈X

𝑇∑︁
𝑡=0

˜𝑓𝑡 (𝑥) ≤ 𝑂 (𝑇 3/4𝐻3/2𝑑𝐷4/3𝐿2/3) .

Proof. Consider the following 3 inequalities:

𝑇∑︁
𝑡=1

𝑓𝑡 (ℎ𝑡 ) −
𝑇∑︁
𝑡=1

𝐹𝑡,𝐻 (ℎ𝑡 ) ≤ 𝐿𝐷𝜌𝐻
√
𝐻𝑇

𝑇∑︁
𝑡=1

𝐹𝑡,𝐻 (ℎ𝑡 ) − min

𝑥∈X

𝑇∑︁
𝑡=1

𝐹𝑡,𝐻 (𝑥) ≤ 𝑂 (𝑇 3/4𝐻3/2𝑑𝐷4/3𝐿2/3)

min

𝑥∈X

𝑇∑︁
𝑡=1

𝐹𝑡,𝐻 (𝑥) − min

𝑦∈X

𝑇∑︁
𝑡=1

˜𝑓𝑡 (𝑦) ≤ 𝐿𝐷𝜌𝐻
√
𝐻𝑇 .

Note that by triangle inequality, these inequalities imply that

𝑇∑︁
𝑡=1

𝑓𝑡 (ℎ𝑡 )−min

𝑥∈X

𝑇∑︁
𝑡=1

˜𝑓𝑡 (𝑥) ≤ 2𝐿𝐷𝜌𝐻
√
𝐻𝑇 +𝑂 (𝑇 3/4𝐻3/2𝑑𝐷4/3𝐿2/3) .

Setting 𝐻 =
log𝑇
1−𝜌 makes 2𝐿𝐷𝜌𝐻

√
𝐻𝑇 on the order of 𝐿𝐷 (1 −

𝜌)−1 log𝑇
𝑇

, which is absorbed by the term 𝑂 (𝑇 3/4𝐻3/2𝑑𝐷4/3𝐿2/3).
Thus, proving the above 3 inequalities will imply Theorem 3.3.

The second inequality comes immediately from Theorem 3.1

proven by Gradu et al. [10], as the functions present in the left hand

side of the inequality are defined to have a constant memory length

of 𝐻 . Thus, this inequality is simply an upper bound on the regret

attained by their algorithm.

We bound the first inequality by considering a particular 𝑓𝑡 and

respective 𝐹𝑡,𝐻 :

𝑓𝑡 (ℎ𝑡 ) − 𝐹𝑡,𝐻 (ℎ𝑡 ) = 𝑓𝑡 (𝑥𝑡 , 𝜌𝑥𝑡−1, 𝜌2𝑥𝑡−2, ..., 𝜌𝐻−1𝑥𝑡−(𝐻−1) , 𝜌
𝐻𝑥𝑡−𝐻 , ...)

− 𝑓𝑡 (𝑥𝑡 , 𝜌𝑥𝑡−1, 𝜌2𝑥𝑡−2, ..., 𝜌𝐻−1𝑥𝑡−(𝐻−1) , 0, ...)

≤ 𝐿 | | (0, 0, ..., 0, 𝜌𝐻𝑥𝑡−𝐻 , 𝜌𝐻+1𝑥𝑡−(𝐻+1) , ...) | |

≤ 𝐿

√√√ 𝑡∑︁
𝑖=𝐻

(𝜌𝑖𝑥𝑡−𝑖 )2

≤ 𝐿𝜌𝐻

√√√ 𝑡∑︁
𝑖=𝐻

(𝜌𝑖−𝐻𝑥𝑡−𝑖 )2

≤ 𝐿𝐷𝜌𝐻

√√√ 𝑡∑︁
𝑖=𝐻

𝜌𝑖−𝐻

≤ 𝐿𝐷𝜌𝐻
√
𝐻.

The first inequality holds from 𝐿-Lipschitzness, the second in-

equality comes from the definition of the norm in the history space
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H , and the second to last inequality holds from the fact that the

magnitude of decisions are bounded by the diameter of the decision

set. Lastly, because 𝐻 =
log𝑇
1−𝜌 , we have that 𝐻 ≥ log𝑇

∑𝑡
𝑖=𝐻

𝜌𝑖 .

Summing this over 𝑇 rounds gives us the claimed bound.

Next, we bound the third inequality. Let 𝑥 ′ be the decision in X
that minimizes the value of

∑𝑇
𝑡=1

˜𝑓𝑡 (𝑥 ′). Now, we note that

min

𝑥∈X

𝑇∑︁
𝑡=1

𝐹𝑡,𝐻 (𝑥) −
𝑇∑︁
𝑡=1

˜𝑓𝑡 (𝑥 ′) ≤
𝑇∑︁
𝑡=1

𝐹𝑡,𝐻 (𝑥 ′) −
𝑇∑︁
𝑡=1

˜𝑓𝑡 (𝑥 ′).

We can now follow a similar process as we used for the first inequal-

ity to derive the same bound for the right hand side. This finishes

the proof of our main theorem. □

We would now like to generalize our findings by relaxing the

assumptions we made during our analysis (beyond those made in

Section 2). Namely, we argue that any BCO-M algorithm can be

used in place of the algorithm in [10] as part of our reduction, and

that our analysis will hold for any𝐴 and 𝐵 that follow Assumptions

2 and 3. We begin by addressing the second concern.

Note that we can let 𝜌 equal the maximum operator norm value

out of all of the𝐴𝑖s to achieve the same regret bounds. Our analysis

only depends on the magnitude of the values in our history vector.

Because we assume that the operator norm of each 𝐴𝑖 is strictly

less than 1, we can find a 𝜌′ ∈ (0, 1) that is at least the supremum

of the set of operator norms. The regret of our algorithm under

these more general dynamics must thus be at most the regret of

our algorithm under BCO with 𝜌′-discounted Infinite Memory.

As for the first concern, the crux of our analysis demonstrated

that the 3 inequalities in Theorem 3.3 were true. Observe that the

specific choice of BCO-M algorithm only affects the middle inequal-

ity. The first and third inequality merely account for the discrepancy

one encounters when moving from the finite framework to the un-

bounded framework. The maximum regret that can be incurred

from the reduction is on the order of
log𝑇

𝑇
, which is negligible due

to the trivial 𝑂 (
√
𝑇 ) lower bound on any OCO algorithm (Chap-

ter 2 of [12]). A corollary of this observation is that our BCO-UM

algorithm’s regret is dictated by the regret of whatever BCO-M

algorithm is being reduced to. As such, to improve regret bounds,

we are motivated to find a BCO-M algorithm with regret lower than

𝑂 (𝑇 3/4
).

3.2 Beyond 𝑇 3/4

In this section, we describe and analyze an algorithm for BCO-M

that achieves an𝑂 (𝑇 2/3
) regret bound on general convex functions,

which to the best of our knowledge, is the first of its kind. Recall

that in the BCO-M setting, our history is simply the 𝐻 most recent

decisions, where 𝐻 is our memory length.

Our algorithm performs another reduction to an 𝑂 (
√
𝑇 ) algo-

rithm for the traditional BCO (the memoryless setting) [6, 20]. This

reduction process is heavily inspired by Theorem 2 in [3], which

also reduce to memoryless algorithms to create learners against

adversaries with memory. For the purposes of this paper, we high-

light Suggala’s algorithm in [20]. At a high level, our algorithm

updates its decisions in accordance to Suggala’s algorithm once on

the order of 𝑇 1/3
rounds. This effectively slows down the rate our

decisions move, which is important in attaining a sublinear bound.

Algorithm 2 BCO with Finite Memory Reduction

1: Input: X, 𝑇,𝐻, 𝜂

2: Initialize 𝑥1 = 𝑦1 ∈ X and play 𝑦1
3: Initialize 𝐴 = 𝐼 (the identity matrix)

4: for 𝑡 = 2, ...,𝑇 do
5: flip coin with success probability

1

3
√
𝑇

6: if coin flip success then
7: Draw 𝑣𝑡,1, 𝑣𝑡,2 uniformly from the unit sphere and let

𝑦𝑡 = 𝑥𝑡−1 + 1

2
𝐴− 1

2 (𝑣𝑡,1 + 𝑣𝑡,2).
8: Play 𝑦𝑡 , update the history, and observe 𝑓𝑡 (𝑦𝑡−(𝐻−1) :𝑡 ).
9: Set ∇𝑡 = 2𝑑 𝑓𝑡 (𝑦𝑡−(𝐻−1) :𝑡 )𝐴

1

2 𝑣𝑡,1.

10: Set 𝐻𝑡 = 2𝑑2 𝑓𝑡 (𝑦𝑡−(𝐻−1) :𝑡 )𝐴
1

2 (𝑣𝑡,1𝑣⊤𝑡,2 + 𝑣𝑡,2𝑣
⊤
𝑡1
)𝐴

1

2 .

11: Set 𝐴 = 𝐴 + 𝜂𝐻𝑡

12: Set 𝑥𝑡 = 𝑥𝑡−1 − 𝜂𝐴−1∇𝑡

13: else
14: Play 𝑦𝑡−1
15: Set 𝑥𝑡 = 𝑥𝑡−1
16: end if
17: end for

In the algorithm, lines 7-11 emulate how Suggala’s algorithm

picks its decisions. Line 8 is where we actually play the decision,

and we use the observed cost alongside Suggala’s algorithm to

determine the next decision to be picked. We also highlight that

randomization is necessary. An algorithm that deterministically

switches decisions every𝑇 1/3
rounds is vulnerable to an adversarial

attack.

Theorem 3.4. Algorithm 2 satisfies the following regret bound:

E[RegretA ] =
𝑇∑︁
𝑡=1

𝑓𝑡 (𝑦𝑡−(𝐻−1) :𝑡 ) − min

𝑥∈X

𝑇∑︁
𝑡=1

˜𝑓𝑡 (𝑥) ≤ 𝑂 (𝑇 2/3).

Proof. Suppose we have shown that the following two inequal-

ities hold:

E

[
𝑇∑︁
𝑡=1

𝑓𝑡 (𝑦𝑡−(𝐻−1) :𝑡 ) − ˜𝑓𝑡 (𝑦𝑡 )
]
≤ 𝐷𝐿

√︁
𝐻3𝑇 2/3

E

[
𝑇∑︁
𝑡=1

˜𝑓𝑡 (𝑦𝑡 ) − ˜𝑓𝑡 (𝑥∗)
]
≤ 𝑂 (𝐷5/3𝐿2/3𝑇 2/3),

where 𝑥∗ is the fixed decision that minimizes

∑𝑇
𝑡=1

˜𝑓𝑡 (𝑥). Then
by triangle inequality, we have the desired regret bound. Thus, it is

sufficient to prove the two inequalities.

For the first inequality, note that by linearity of expectation, we

have that

E

[
𝑇∑︁
𝑡=1

𝑓𝑡 (𝑦𝑡−(𝐻−1) :𝑡 ) − ˜𝑓𝑡 (𝑦𝑡 )
]
=

𝑇∑︁
𝑡=1

E[𝑓𝑡 (𝑦𝑡−(𝐻−1) :𝑡 ) − ˜𝑓𝑡 (𝑦𝑡 )] .

Now, observe that most of the time, the value 𝑓𝑡 (𝑦𝑡−(𝐻−1) :𝑡 ) −
˜𝑓𝑡 (𝑦𝑡 ) is 0. The only way this difference is nonzero is if𝑦𝑡−(𝐻−1) :𝑡 ≠
(𝑦𝑡 , 𝑦𝑡 , ..., 𝑦𝑡 ). In expectation, there will be at most 𝐻𝑇 2/3

nonzero

summands, since the only time when 𝑦𝑡 ≠ 𝑦𝑡+1 is when success is
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met using a coin with probability 1/𝑇 1/3
. Every time a coin achieves

success, the next 𝐻 rounds will incur a nonzero loss, as it takes

that much time for the “old" decision to fall out of memory. Thus,

in expectation, there are at most 𝐻𝑇 2/3
rounds that have nonzero

regret. We complete the proof of the first inequality by showing

that each of these rounds can incur at most 𝐿𝐷
√
𝐻 regret through

the following lemma. □

Lemma 3.5. For any 2 arbitrary histories 𝑦𝑡−(𝐻−1) :𝑡 , 𝑦′𝑡−(𝐻−1) :𝑡
we have that 𝑓𝑡 (𝑦𝑡−(𝐻−1) :𝑡 ) − 𝑓𝑡 (𝑦′𝑡−(𝐻−1) :𝑡 ) ≤ 𝐿𝐷

√
𝐻.

Proof.

𝑓𝑡 (𝑦𝑡−(𝐻−1) :𝑡 ) − 𝑓𝑡 (𝑦′𝑡−(𝐻−1) :𝑡 ) ≤ 𝐿 | |𝑦𝑡−(𝐻−1) :𝑡 − 𝑦′
𝑡−(𝐻−1) :𝑡 | |

≤ 𝐿

√√√
𝐻−1∑︁
𝑖=0

(𝑦𝑡−𝑖 − 𝑦′
𝑡−𝑖 )2

≤ 𝐿𝐷

√√√
𝐻−1∑︁
𝑖=0

1

≤ 𝐿𝐷
√
𝐻

□

To finish the proof of Theorem 3.4, we end by proving the second

inequality.

Lemma 3.6. We have that

E[
𝑇∑︁
𝑡=1

˜𝑓𝑡 (𝑦𝑡 ) − ˜𝑓𝑡 (𝑥∗)] ≤ 𝑂 (𝐷5/3𝐿2/3𝑇 2/3).

Proof. Our algorithm can be thought of as Suggala’s algorithm

in [20] with a time horizon of 𝑇 2/3
, since we only update our deci-

sion 𝑇 2/3
times in expectation. Suggala’s algorithm has an upper

regret bound of𝑂 (𝐷5/3𝐿2/3𝑇 1/3) over a time horizon of𝑇 2/3
. How-

ever, our algorithm, in expectation, will play the same decision𝑇 1/3

times instead of just once. This increases the regret attained by a

factor of 𝑇 1/3
, giving us an 𝑂 (𝑇 2/3) regret bound in total. □

4 EXPERIMENTAL RESULTS
In this section, we present the results of some simulations that test

our theoretical findings. We refer the reader to Appendix A for

details on our setup and implementation.

4.0.1 BCO with 𝜌-discounted Infinite Memory. First, it behooves
us to check that our algorithm does in fact attain the claimed regret

bound of 𝑂 (𝑇 2/3). We run our algorithm under the dynamics of

BCOwith 𝜌-discounted Infinite Memory against a simple yet robust

adversary with several values of 𝜌 , namely 0.1, 0.3, 0.5, and 0.7, over

a time horizon of 𝑇 = 5000. For each of these values, we run our

algorithm 10 times and we plot the average regret over time.

Figure 1 shows the regret that the algorithm attains over time

for each rho value. Note the concavity in the plots for 𝜌 = 0.1, 0.3,

and 0.5, supporting the fact that our algorithm is learning over

time, accruing less regret as it learns more about the environment.

Additionally, we expect our regret after 5000 rounds to be in the

low thousands after considering the additional parameters that are

hidden by the Big-O notation. We see that this is indeed the case.

Figure 1: A plot of the accumulated regret of Algorithm 2 against
an adversary that chooses the loss functions as described in Section
4.1 with a variety of 𝜌 values.

Figure 2: A plot comparing the effect of different memory
lengths on our algorithm’s regret.

Furthermore, we observe that a lower value of 𝜌 seemingly results

in smaller regret, which makes sense, as our algorithm is penalized

less for costly decisions that were made in the past.

Larger values of 𝜌 make it difficult for the algorithm to learn

from its prior decisions and thus take longer to make progress

towards the global minimum. This is why our plot for 𝜌 = 0.7 does

not seem to follow the same trend as the others. Indeed, running

the experiment again with 𝜌 = 0.7, but with a time horizon of 𝑇 =

10000 produces a graph that exhibits a similar shape to the graphs

shown above (see Figure 4, in Appendix A due to space constraints).

4.0.2 BCO-UM versus BCO-M. Next, we empirically show that our

reduction does not incur much regret asymptotically, as we have

proved theoretically above. For this test, we first run our algorithm

against an instance of the BCO with 𝜌-discounted infinite memory

problem, with 𝜌 = 0.5 to establish a baseline. Afterwards, we run

our algorithm against the BCO-M problem with memory lengths

2, 4, 8, and 16. We run each experiment 100 times and we plot the

average regret over those 100 iterations over time in Figure 2.

As one can see, an environment with a longer memory length

tends to incur more regret. In particular, there is a noticeable differ-

ence in regret between our BCO-UM instance and the remaining
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Figure 3: The average squared loss of our BCO-UM algorithm
versus the prototypical OGD algorithm over time, when used
formatrix completion (top) and click-through rate prediction
(bottom).

BCO-M instances. However, this difference is small, offering evi-

dence that the cost of performing our reduction is asymptotically

negligible.

4.0.3 Application to Real World Systems. Finally, although the find-

ings in this paper are mostly theoretical in nature, we demonstrate

the applicability of our framework by experimenting with two real

world applications, namely collaborative filtering for recommen-

dation systems and click-through rate prediction for ad placement.

Full implementation details are provided in the appendix. We hope

that these results illustrate the capability of our work to capture

applications that lie out of the current scope of OCO and its existing

generalizations, without an unreasonable inflation of regret.

In both experiments, we compare the average loss attained by

Online Gradient Descent (OGD), the prototypical algorithm used to

minimize regret for the traditional OCO framework, to the average

loss attained by our algorithm in the BCO-UM framework. We run

both algorithms for 10000 iterations, and share the results in Figure

3.

In both experiments, we note that the loss values that our BCO-

UM algorithm attains are higher than the loss values attained by the

OGD algorithm. However, our BCO-UM setting better models and

handles the complexity of the systems inherent in these problems,

compared to the traditional (andmore naive) OCOmodel. Therefore,

the results attained by OGD may be unrealistic to compare to, and

the difference in algorithmic performance is likely caused by the

more difficult setting.We also see that the difference in performance

is overall greater for the CTR dataset. One potential explanation

behind this is that the gradient estimate that our BCO-UM algorithm

uses happens to be more similar to the gradient of our loss function

for matrix completion compared to click-through rate prediction. In

both experiments, our gradient estimate for the BCO-UM setting is a

linear function of our decision. However, our loss function for CTR

involves the sigmoid function, whereas the loss function for matrix

completion is a simple quadratic function of our decision (whose

gradient is therefore another linear function of our decision). Thus,

the behavior of our BCO-UM algorithm is similar to the behavior

of OGD on the MovieLens dataset, resulting in two similar plots.

5 CONCLUSION
We have presented and analyzed a general method for taking a

BCO-M algorithm and converting it into a BCO-UM algorithm with

asymptotically negligible overhead. This implies that increasing

the memory length of a BCO-M problem to incorporate the entire

history of decisions will not increase regret asymptotically. Addi-

tionally, we presented an algorithm that achieves 𝑂 (𝑇 2/3) regret
for general convex functions. In conjunction, our two findings show

an 𝑂 (𝑇 2/3) regret bound for the BCO-UM problem.

Our findings allow the techniques developed for regret minimiza-

tion for the BCO-M problem to immediately apply to the BCO-UM

problem. Consequently, any BCO-M algorithm that improves on

the current literature automatically implies a new novel algorithm

for the BCO-UM problem. Our results enable the popular OCO

framework to more realistically model applications whose loss at

the current round depends on the entire history of past decisions.

This is important for developing agents that can make decisions

optimally even in complex and dynamic systems.

5.1 Future Work
One direction for future work is to relax the assumptions we make.

In particular, Assumptions 2 and 3 are required for our reduction

from the BCO-UM to BCO-M problem. We want our history to be

in a form that makes it easy to compare with the finite memory

framework. Without the structure we assume 𝐴 and 𝐵 have, it

would be hard to directly compare the two otherwise. A potential

solution may be an algorithm for the BCO-UM problem that does

not rely on reductions.

Lastly, a natural question to ask is whether or not the 𝑂 (𝑇 2/3)
regret bound for BCO-M can be lowered even further. There is

evidence to suggest that the regret lower bound for this problem is

Ω(𝑇 2/3
), since in [20], it is shown that against an adaptive adver-

sary, an Ω(𝑇 2/3
) lower bound exists. However, against an oblivious

adversary, an analogous Ω(𝑇 2/3) lower bound is yet to be proven.

If this is the lower bound, our earlier algorithm would achieve a

tight bound for both the BCO-M and BCO-UM problem.
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A REPRODUCIBILITY
In this section, we dive into the setup and implementation behind

our experiments in Section 4. Our code can be found at https://

github.com/jihoc1748/bco-with-memory-code.

A.1 Simulation 4.0.1 and 4.0.2 Setup
We consider an instance of the BCO with 𝜌-discounted Infinite

Memory problem, with X = R2
. Let ℎ′𝑥 be the history obtained

after picking the same decision 𝑥 for the first 𝑡 rounds. We define

the cost functions to be 𝑓𝑡 (ℎ𝑡 ) = | |ℎ𝑡 − ℎ′𝑥 | |H, ∀𝑡 ∈ [𝑇 ] . If we
are in the finite memory setting, we “zero-out" the history terms

beyond the memory length, otherwise we use the full history as is.

The adversary picks 𝑥 from the decision set uniformly at random.

Note that the best strategy in hindsight would be to pick 𝑥 in every

round, resulting in a cumulative cost of 0. Thus, the regret of an

algorithm is the same as its cumulative cost. We define the norm of

a history vector as such:

| |ℎ | |H = | | (𝑦0, 𝑦1, ...) | |H =

√√√
𝑇∑︁
𝑖=0

(𝑦𝑖 )2

Finally, we restrict the domain of the decision set from R2
to

[−1, 1]2. This simply amounts to a re-scaling of the problem and

this condition could easily be relaxed.

A.2 Simulation 4.0.3 Setup
For our first real-world experiment, we consider the problem high-

lighted in [13], outlined here for completion. However, we refer

the reader to the original paper and to Chapter 7 in [12] for a com-

prehensive overview of the underlying topics. In the collaborative

filtering model, we have𝑚 users, and we would like to know their

opinion on 𝑛 items. This can be represented by an𝑚 by 𝑛 matrix𝑀 ,

where the entry at row 𝑖 and column 𝑗 indicates user 𝑖’s rating of

item 𝑗 . However, in many cases, there are too many items for every

user to reasonably rate, which leaves many unknown entries in the

matrix. Naturally, we wish to estimate these entries to provide the

best recommendations. While doing so, we would also like to limit

the rank of the matrix, which can be interpreted as limiting the

number of factors that determine a user’s rating of an item. This

problem is often referred to as the Matrix Completion problem.

We formulate Matrix Completion as an OCO problem via the

following. In each round, the learner produces an𝑚 by 𝑛 matrix 𝑋

with rank less than 𝜏 . This can be thought of as providing each user

𝑖 ∈ [𝑚] a rating for each item 𝑗 ∈ [𝑛]. The adversary then chooses a
particular entry (𝑖, 𝑗) and reveals the true rating𝑦 for that user-item

interaction. The loss that the learner suffers is determined by the

function 𝑓𝑡 (𝑋 ) = (𝑋𝑖 𝑗−𝑦)2, i.e. squared loss. In the BCO-UM setting,

we modify the above scenario by only providing bandit feedback

to the learner and by modifying the loss function to 𝑓𝑡 (ℎ𝑡 ) = 1

2
∗∑𝑇

𝑘=0
𝜌𝑘 (𝑋 𝑡−𝑘

𝑖 𝑗
−𝑦)2,where𝑋 𝑖

is the decisionmatrix that the learner

plays at round 𝑖 . Intuitively, we are taking a weighted sum of how

well our previous decision matrices would predict the rating that

user 𝑖 gives item 𝑗 in the current round.

We use the old MovieLens 100K Dataset provided by GroupLens

[11] (at https://grouplens.org/datasets/movielens/100k/) to simulate

the above problem. This dataset provides 100000 ratings (on an

Figure 4: For a larger value of 𝜌 , it takes our algorithm a longer
time to converge to an optimal solution. For 𝜌 = 0.7, it takes roughly
2000 time steps before we make substantial progress.

integer scale from 1 through 5) by 943 users on 1682 movies. For

simplicity, we use the original sequence of the dataset to choose

the entries (i, j) that the adversary uses.

For our second experiment, we consider the problem of click-

through rate prediction using the Criteo Click Logs dataset (at https:

//ailab.criteo.com/download-criteo-1tb-click-logs-dataset/). In this

problem,we are given a feature vector𝑎 of dimension𝑑 representing

an ad and we’d like our model to output a 1 if we believe the

user will click on it, and a 0 otherwise (although our model can

output any value in this interval depending on its confidence). We

formulate this problem as an OCO problem via the following. In

each round, the learner produces a vector 𝑥 ∈ R𝑑
, which can be

thought of as a filter used to differentiate favorable and unfavorable

ads. Our learner classifies our vector by taking the sigmoid of the

inner product between the feature vector and its filter, i.e. 𝑦 =
1

1+𝑒 (−𝑥⊤𝑎) . If 𝑦
′
is the true label, then the loss our learner attains is

𝑓𝑡 (𝑥) = 1

2
(𝑦−𝑦′)2 . For the BCO-UM setting, we again only provide

bandit feedback to the learner and modify the loss function to

𝑓𝑡 (ℎ𝑡 ) = 1

2
∗∑𝑇

𝑘=0
𝜌𝑘 (𝑦𝑡−𝑘 −𝑦′)2, where 𝑦𝑡−𝑘 is the inner product

of 𝑎 and our decision at round 𝑡 −𝑘 . Again, we can intuitively think

of this function as taking a weighted sum of how well our previous

filters would have classified the ad categorized by the feature vector

received in the current round.

We run both experiments 2 times. For the first run, we consider

the original OCO setting and use Online Gradient Descent as the

learner’s algorithm. For the second run, we consider the BCO-UM

setting and use the classic FKM algorithm [8] as the basis for our

learner. We opt for this algorithm over the ones we implemented

previously because our decision set for the first experiment is no

longer a subset of R𝑑
, which is a requirement for the other BCO

algorithms discussed in this paper.

A.3 Implementation
We implement all learning algorithms with Python 3.9, alongside

the numpy package to assist with matrix manipulations. All algo-

rithms were implemented as straightforwardly as possible, follow-

ing directly from the respective pseudocode. The matplotlib library

was used to plot our regret graphs.

https://github.com/jihoc1748/bco-with-memory-code
https://github.com/jihoc1748/bco-with-memory-code
https://grouplens.org/datasets/movielens/100k/
https://ailab.criteo.com/download-criteo-1tb-click-logs-dataset/
https://ailab.criteo.com/download-criteo-1tb-click-logs-dataset/
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