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ABSTRACT
This paper introduces a scale-invariant methodology employing
Fractal Geometry to analyze and explain the nonlinear dynamics
of complex connectionist systems. By leveraging architectural self-
similarity in Deep Neural Networks (DNNs), we quantify fractal
dimensions and roughness to deeply understand their dynamics
and enhance the quality of intrinsic explanations. Our approach
integrates principles from Chaos Theory to improve visualizations
of fractal evolution and utilizes a Graph-Based Neural Network for
reconstructing network topology. This strategy aims at advancing
the intrinsic explainability of connectionist Artificial Intelligence
(AI) systems.

1 INTRODUCTION
Explainable Artificial Intelligence (XAI) seeks to demystify decision-
making in complex Machine Learning and Deep Learning sys-
tems [1]. While there is no universal definition of explainability,
Liao et al. [2] describe it simply as "an answer to a question". Adopt-
ing connectionism has greatly enhanced modeling capabilities re-
garding physical and informational complexities through complex
non-linear dynamical systems of independently communicating
units [3, 4]. These systems, often referred to as black-box and par-
tially chaotic, show a sensitive dependence on initial conditions,
complicating predictions about their long-term behavior [5]. More-
over, the inherent non-linearity across the network architecture
suggests a connectionist self-symmetry, invariant across different
scales of observation [6].

This understanding is crucial for comprehending non-linearities
and emergence in such networks. Traditional surrogatemethods like
LIME, which offer post-hoc explanations via sparse linear feature
representations, fail to capture the network’s non-linear interac-
tions and dynamic behaviors during optimization [1, 7]. However,
recent advancements in the use of fractal features for network anal-
ysis and the computation of fractal dimensions in complex systems
suggest a new segmentation approach for creating a non-linear
connectionist representation across multiple scales [6, 8]. Inspired
by Mandelbrot’s work in fractal geometry and discoveries of non-
linear attractor behaviors [9–11], our research leverages fractal
analysis to delve deeply into connectionist network architectures.
By evaluating fractal dimensions and roughness, we gain insights
into network connectivity and emergent phenomena, thereby en-
hancing our understanding of system dynamics and aiding in the
identification of cyclic attractors, as demonstrated in Kauffman’s
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studies on Random Boolean Networks (RBNs) [12]. Our approach
aims to augment the intrinsic explainability of connectionist net-
works and emergent phenomena by addressing two fundamental
questions: RQ1. "How can we create a non-linear connectionist repre-
sentation across multiple scales for DNNs?" and RQ2. "To what extent
does such a representation enhance the explainability of nonlinear
interactions in DNNs?"

2 PROPOSED METHODOLOGY
Our methodology segments the network at specific scales during
and after optimization, generating a fractal representation of net-
work connections using a graph-based surrogate. Segmenting the
layers of a network (DNN), in turn, implies partitioning the associ-
ated parametermatrices, as it is the parameters that form and deform
the network. Formally, consider a connectionist network 𝑓 with
𝐿𝑝 layers. For any given layer 𝐿𝑖 , connected to subsequent layer 𝐿𝑗
where 𝑖 ≠ 𝑗 , the parameter matrix𝑊𝑛×𝑚 represents the connec-
tions, where𝑛 and𝑚 denote the number of nodes in layers 𝐿𝑖 and 𝐿𝑗
respectively. The fractal dimension 𝐹𝐷 of this matrix is calculated
using the box-counting method [8], defined as: 𝐹𝐷 =

ln(𝑁 )
ln(1/𝑟 ) ∈ R

where 𝑁 is the number of 𝑟 × 𝑟 boxes needed to cover the matrix.
The segment size 𝑟 , crucial for fractal analysis, must satisfy: 𝑟 > 1,
to avoid granularity at the level of individual matrix elements, and:
𝑟 < min(𝑛,𝑚), to prevent oversimplification by covering the matrix
with a single box. The specific ranges for 𝑟 are defined as follows:

𝑟 ∈


[2, ⌊𝑛+12 ⌋], if 𝑛 =𝑚 and 𝑛 mod 2 ≠ 0
[2, 𝑛2 ], if 𝑛 =𝑚 and 𝑛 mod 2 = 0
[2, ⌊min(𝑛,𝑚)+1

2 ⌋], if 𝑛 ≠𝑚 and min(𝑛,𝑚) mod 2 ≠ 0
[2, min(𝑛,𝑚)

2 ], if 𝑛 ≠𝑚 and min(𝑛,𝑚) mod 2 = 0

The segmentation extracts sub-matrices based on 𝑟 , iterating over

Figure 1: Visualizing the #segments (log scale) at various valid
scales 𝑟 for different matrix dimensions 𝑛 ×𝑚.
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dimensions 𝑛 and𝑚 where 𝑛,𝑚 > 2 as (Fig 1):

𝑆𝑖 𝑗 =𝑊𝑛𝑚 [𝑖 · 𝑟 : (𝑖 + 1) · 𝑟, 𝑗 · 𝑟 : ( 𝑗 + 1) · 𝑟 ] (1)

for 𝑖 = 0 to
⌈
𝑛
𝑟

⌉
− 1 and 𝑗 = 0 to

⌈
𝑚
𝑟

⌉
− 1. 1 This adaptive approach

to segmentation ensures optimal coverage and granularity for ana-
lytical purposes, accounting for structural variations in the matrix
dimensions. We furthermore use the activation map𝐴𝑖

𝑔,ℎ
, ϶ 𝑔, ℎ ∈ R,

of layer 𝐿𝑖 to study the non-linear interactions between fractal seg-
ments of subsequent layers, computed at scale 𝑟𝑞 . Given two fractal
segments 𝑆𝜔 and 𝑆𝜆 , we apply the exponential kernel taking inspi-
ration from [7, 13], computing the edge values between segments
across layers 𝐿𝑖 : 𝐿𝑝 accounting for the local influence of the pa-
rameter segments, as follows :

𝑒𝜔,𝜆 = 𝛾 · 𝑒𝑥𝑝 ( | |𝛼𝜔 − 𝛼𝜆 | |) (2)

Where 𝛾 is the spread of the kernel, 𝛼𝜔 and 𝛼𝜆 and are segment
specific features at scale 𝑟𝑞 , computed as :

𝛼𝑆𝑖,𝑗 = 𝐴
′𝑖
𝑔,ℎ

· 𝐹𝐷 (𝑆𝑖, 𝑗 , 𝑟𝑞) · 𝐻 (𝑆𝑖, 𝑗 ) (3)

,Where𝐴
′𝑖
𝑔,ℎ

is the flattened featuremap of𝐴𝑖
𝑔,ℎ

and𝐻 (𝑆𝑖 𝑗 ) is the en-
tropy of the segment, calculated as𝐻 (𝑆𝑖 𝑗 ) = −∑

𝑝 (𝑥) log𝑝 (𝑥) with
𝑝 (𝑥) representing the probability distribution within 𝑆𝑖 𝑗 . Following
the extraction of non-linear relationships among fractal segments,
represented as an adjacency matrix A, we utilize a Graph-Based
Neural Network to learn the network representation at scale 𝑟𝑞 , in-
spired by Wang et al. [13]. This approach allows for the exploration
and learning of structural space (A), culminating in the aggregation
of learned graphs into a fractal hypergraph and achieving compre-
hensive insights into the underlying informational dynamics as:

Ω(𝐴(𝑖,𝑘 )
𝑔,ℎ

,A) = 𝜎

(
𝐷̂− 1

2 Â𝐷̂
1
2𝐴

(𝑖,𝑘 )
𝑔,ℎ

𝑆
(𝑘 )
𝑖, 𝑗

)
(4)

where 𝜎 is the activation function, 𝐴(𝑖,𝑘 )
𝑔,ℎ

the feature map of 𝑘𝑡ℎ

segment of 𝑖𝑡ℎ layer along with the parameter segment 𝑆𝑘
𝑖,𝑗

and 𝐷̂
is the diagonal degree of A.

3 PRELIMINARY RESULTS
In our study, we examine multiclass classification on the MNIST
dataset [14] using a CNNwith two convolutional layers of 32 and 64
neurons and two fully connected layers, each convolutional layer
utilizing a kernel size of 3 with padding and stride set to 1. We train
the model over 50 epochs with a learning rate of 6𝑒 − 4 using the
Adam Optimizer, and analyze gradients and loss post each epoch
through a segmentation of model weights, as described in equation
1. The weights of the first convolutional layer are a 4 − 𝐷 tensor
[32, 3, 3, 3] and the second layer [64, 32, 3, 3], segmented into four
overlapping segments per neuron, scaled by 𝑟 = 2. We evaluate
segment features to determine their influence on inputs as detailed
in equation 3, with Figure 2 (left) illustrating the captured segment
features, and Figure 2 (right) displaying the exponential kernel
interactions between segments, indicating local influence across
layers. We analyze the phase flow graph ∀𝑀

𝑗=1∀
𝑄

𝑖=1
𝜕L

𝜕 (𝑊 𝑗
𝑠𝑖
)
Vs L for

1Segmentation overlap depends on the parity of matrix dimensions 𝑛 and𝑚 in𝑊𝑛𝑚 .
For square matrices (𝑛 = 𝑚), an odd 𝑛 means a stride of 1, causing edge overlaps,
while an even 𝑛 allows perfect tiling without overlaps. For non-square matrices, odd
min(𝑛,𝑚) results in overlaps for coverage, whereas even min(𝑛,𝑚) ensures perfect
alignment without overlaps.

a network with𝑀 layers and 𝑄 segments per layer, where L is the
cross-entropy loss. Figure 3 (left) depicts the learning trajectory
of a segment, highlighting an initial acceleration followed by a
gradual deceleration, and Figure 3 (right) shows a plot of 𝜕

𝜕𝑡 vs
𝜕2

𝜕𝑡2
, evidencing a positive trend. The epochs, color-coded, reveal a

decreasing trend in gradient norms, suggesting model stabilization.
Data convergence in later epochs toward the center indicates the
formation of an attractor, enhancing predictability and training
stability.

Figure 2: Left image shows features learned by neuron-channels
across two convolution layers. Right image visualizes the exponen-
tial kernel interactions between fractal segment features for various
𝛾 values.

Figure 3: Phase-Flow Diagrams

4 RESEARCH ROADMAP
Our future research in Explainable Artificial Intelligence (XAI)
encompasses three interconnected strategic categories, aiming to
deepen the integration and sophistication of graphical models and
analytical techniques. In Enhancements in Graph-Based Surrogates,
we focus on advancing fractal feature learning using graph-based
surrogates, improving model capabilities through node embeddings
and neural message passing [15], and extending our approaches to
incorporate semantic feature analysis across various DNN archi-
tectures using saliency models [16]. The Advanced Visualization
and Theoretical Approaches involve applying renormalization the-
ory for efficient feature distillation [17] and exploring attractor
behaviors (fixed, periodic, quasi, aperiodic) [9, 18] within network
segments along with identifying answerable questions regarding
system dynamics [2]. Finally, Comprehensive System Analysis lever-
ages Automated Machine Learning (AutoML) for hyperparameter
sampling to facilitate a robust analysis of system behaviors as either
dissipative or conservative [18], enhancing the intrinsic explainabil-
ity of AI models [19, 20]. Together, these efforts aim to advance the
transparency and interpretability of AI systems within the field of
XAI, using the concepts from non-linear system dynamics.
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